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A new relation between the particle mass of dark matter (DM) particle, mχ, and the tensor-to-
scalar ratio of metric perturbation, r, is obtained by taking into account of pair productions of DM
particles after reheating. In the early Universe, each pair production of DM particles can imprint a
small local fluctuation in the trace of metric. Such fluctuations, which encode mχ, accumulate to
drive an amplified resonance between DM density perturbation and scalar modes of metric pertur-
bation, and, in turn, leads to a suppression of r. Investigating this resonance effect in a conventional
cold DM scenario can yields a new relation between mχ and r. As r will be further constrained in the
coming round of primordial gravitational wave detections, mχ will be also constrained accordingly
by applying this relation.
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Introduction.— Dark Matter (DM), as a non-luminous
matter component beyond the Standard Model (SM) of
Particle Physics, comprises near 80% of the matter in
the current Universe [1, 2]. It plays a crucial role in the
formation of structures from cosmic scale to sub-galactic
scale at the dawn of our Universe [3]. Unveiling the parti-
cle nature of DM, therefore, is one of the leading topics in
physics and astronomy. For existing DM models such as
weakly interacting massive particles (WIMP) paradigm
and non-thermal DM scenario, the relation between the
mass of DM particle mχ and its thermally averaged cross-
section 〈˜σv〉 can be established by applying the constraint
derived from its density fraction, Ωχ = 0.26 [4]. How-
ever, mχ can not be determined by current evidence,
for the evidence drawn from galaxies, clusters, cosmic
microwave background (CMB) anisotropy, etc., reflects
only the macroscopic gravitational effects of DM rather
than its elementary particle nature [5]. Lacking conclu-
sive evidence of single DM particle also leads to a long-
standing controversy between cold DM models and other
exotic hypotheses [6]. Currently, the most compelling
proposals to unveil DM particle properties mainly rely
on (in-)direct capture or reproduction of DM particles
with an array of experiments such as [7–17]. So tiny its
cross-section is, however, may hinder the detection of DM
particles soon. This fact directly leads to the search for
new strategies to explore the particle nature of DM by
observing new astrophysical messengers such as primor-
dial gravitational wave (PGW).
As illustrated in FIG.1, in the early Universe [47], each
pair production of DM particles can generate a small lo-
cal fluctuation in the trace of metric, ∆Φi, which contains
mχ and contributes to scalar modes of metric perturba-
tion. During DM production, these fluctuations accu-
mulate to enhance DM density perturbation, which in
return amplifies scalar modes of metric perturbation via
back-reaction. It thus drives a resonance between DM
density perturbation and scalar modes of metric pertur-
bation, and amplifies them. As the tensor modes are not
affected by such resonance, the amplification of scalar
modes therefore implies a suppression of tensor-to-scalar
ratio of metric perturbation, r, and predicts a smaller
amplitude of PGW to be detected.
FIG. 1. A pair production of DM particles χ via a pair anni-
hilation of scalar particles φ is illustrated in a) a flat and rigid
spacetime and b) a curved and nonrigid spacetime. As shown
in graph (b), a small local metric fluctuation is generated in
the pair production of DM particles in a curved spacetime.
This work investigates such suppression of r, and ob-
tain a new relation between mχ and r. As r will be
further constrained in the coming round of PGW detec-
tions, mχ will be constrained accordingly by applying
this relation. For existing proposals primarily focus on
DM abundance [19], this new strategy of determining mχ
is based on the resonance of DM density perturbation,
and is complementary to them.
The Equations of Motion.— The simplest realization
of DM production is that DM particles χ are produced
in pair annihilations of scalar particles φ with the min-
imal coupling, Lint = λφ2χ2. In the early Universe, by
adopting the perturbed Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric in conformal Newtonian gauge,
gµν = {−1− 2Ψ(~x, t), a2(t)δij [1 + 2Φ(~x, t)]} [20], we ex-
pand Boltzmann equation up to the first order. At the
zeroth order, the equation governing the number density
of DM takes
dnχ
dt
+ 3Hnχ = 〈˜σv〉
[(
nφ/n
eq
φ
)2 (
neqχ
)2 − n2χ] . (1)
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And the first order equation of motion, which governs
the co-evolution of the super-horizon modes of DM den-
sity perturbation, δρχ = −ρχΘ, and super-horizon scalar
modes of metric perturbation, Φ, takes
dΘ
dy
− 3dΦ
dy
=
〈˜σv〉
Hynχ
( nφ
neqφ
)2 (
neqχ
)2 − n2χ
 (Θ + Φ) ,
(2)
where y ≡ mχ/T with T being the temperature of this
radiation-dominated background, H the Hubble parame-
ter, nχ and nφ the number density of χ and φ, ρχ ≡ mχnχ
the energy density of χ at y  1, 〈˜σv〉 the thermally aver-
aged cross-section, and the superscript eq labels the ex-
pectation value of each quantity at thermal equilibrium.
Θ(~x, t) is the fluctuation of distribution function induced
by metric perturbation, f = exp[(µ−E)/T ] [1−Θ(~x, t)].
Φ, Ψ and Θ are, respectively, the super-horizon Fourier
modes of Φ(~x, t), Ψ(~x, t) and Θ(~x, t). For these long
wavelength modes, the terms with ∂/∂xi are neglected,
and Φ = −Ψ is taken [20].
In order to solve Φ and Θ, we need another equation,
1
H
dΦ
dt
+ Φ = −1
2
Θ , (3)
which is derived from the perturbed Einstein equation in
the radiation-dominated era (c.f. Eq.(6.6) in [20]).
For these three equations, what notable is the right-
hand side (RHS) term of Eq.(2), which describes the in-
terplay between Φ and Θ. During DM production, it can
drive an amplified resonance between Φ and Θ.
Unfortunately, in existing WIMP paradigm [21–26],
such interplay has not been considered since the initial
abundance of DM is simply assumed to be at thermal
equilibrium (nχ = n
eq
χ and nφ = n
eq
φ ). It thus yields
a well-known yet plain relation, Θ = −2Φ = −2Φϕ
(c.f. Eq.(6.12) in [20]), which contains no information
about perturbation resonance and mχ[48], where Φϕ is
the value of Φ at the end of reheating.
By taking into account of DM production (nχ < n
eq
χ
and nφ ≤ neqφ ), this work demonstrates that such inter-
play play a crucial role in the evolution of DM density
perturbation. Specifically, it can drive an amplified res-
onance between Φ and Θ, and yields a new relation be-
tween mχ and r.
Cosmic Background and DM Abundance.— In this
work, we adopt the extensively studied non-thermal DM
scenario [28–34] to elucidate the resonance between Θ
and Φ during DM production. In this scenario, due to
very small cross-section of DM candidate, the process
of DM production lasts longer after reheating, and DM
abundance is always out of thermal equilibrium. One ad-
vantage of this scenario is that the process of DM produc-
tion is very simple – as illustrated in FIG.2. Moreover,
the result obtained in this scenario can be straightfor-
wardly applied to new WIMP paradigm in which DM
production is considered (see a companion work [35]).
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FIG. 2. A schematic plot of the abundance evolution of φ
(solid curve) and non-thermal DM χ (dash-dotted curve).
The dotted line and dashed curve, respectively, denote the
expected abundances of φ and χ at thermal equilibrium.
In standard cosmology [20], at the end of inflation,
t = tRi , inflaton decays into SM particles, and re-
heats Universe to the highest temperature, T = TRf , at
t = tRf . Since then, Universe becomes fully thermalized
and radiation-dominated. The interval tRi ≤ t ≤ tRf
refers as the reheating process [36–38]. As illustrated in
FIG.2, φ and χ is produced from t = tRi . φ is assumed
to be very light and tightly coupled to the hot plasma
filling background, so φ can attain thermal equilibrium
immediately, nφ = n
eq
φ , and then track it.
During the post-reheating DM production (yRf ≤ y ≤
1), H scales as H = Hmy
−2 and, for Lint = λφ2χ2, 〈˜σv〉
scales as 〈˜σv〉 = σ0y2/4 [39], where both Hm and σ0 are
constant. By solving Eq.(1) with these scaling relations
and the initial condition nχ(tRi) = 0, we obtain
Yχ(y) = κ(y − yRf + ξ) , yRf ≤ y ≤ 1 , (4)
where DM abundance is defined as Yχ ≡ nχT−3 and
κ ≡ m3χσ0(4pi4Hm)−1. For non-thermal DM scenario,
the parameter space of interest is κ (2pi2)−1 [39].
To characterize DM production during reheating (ti ≤
t ≤ tRf ), we introduce a new dimensionless parameter ξ,
ξ ≡ Yχ(yRf )
κ
=
4pi4Hm
m3χσ0T
3
Rf
∫ tRf
tRi
〈˜σv〉
(
neqχ
neqφ
)2
n2φdt, (5)
where the last step is obtained by integrating Eq.(1),
and the term 3Hnχ is neglected for simplicity. For
non-thermal DM, the parameter range of interest takes
yRf  ξ ≤ 1.
With the falling of background temperature, thermal
decoupling takes place at y = 1. And then the non-
thermal DM freezes out through the weak avenue [31],
〈˜σv〉
[(
neqχ /n
eq
φ
)2
n2φ − n2χ
]
→ 0, y ≥ 1 . (6)
By solving Eq.(1) with Eq.(6) and the matching condi-
tion at y = 1, the relic abundance of DM is obtained,
Yf = κ(1− yRf + ξ) , y ≥ 1. (7)
With these solutions of DM abundance, now we are able
to investigate the resonance between Θ and Φ.
The Resonance between Θ and Φ. – In reheating pro-
cess (tRi ≤ t ≤ tRf ), the tiny quantum fluctuation gener-
ated during inflation, δϕ, is converted into a sizable initial
classical metric perturbation, Φϕ, which seeds the late-
time structure formation (for details, see Section 6.5.2 in
Ref.[20]). If there is no pair productions of DM parti-
cles after reheating, the super-horizon modes of classical
metric perturbation will be unchanged after reheating,
i.e. Φ(y) = Φϕ for y ≥ yRf .
However, in non-thermal DM scenario, a large portion
of DM particles are produced after reheating – as illus-
trated in FIG.2. It then drives an amplified resonance
between Θ and Φ (see discussion at FIG.1 and Eq.(2)).
To elucidate such resonance, we are solving Eq.(2) and
Eq.(3) for y ≥ yRf . By substituting Eq.(3) into Eq.(2),
we can obtain a second order differential equation which
governs the evolution of Φ. By employing Eq.(4) for
yRf ≤ y ≤ 1, and Eq.(6) and Eq.(7) for y > 1 respec-
tively to solve this equation, we obtain
Φ(y) =
{
ΦϕG
(−y × ξ−1) , yRf ≤ y ≤ 1
ΦϕG
(−ξ−1) [1 +A(1− y− 52 )], y > 1 , (8)
where G(x) ≡ 2F1
(
3−√17
4 ,
3+
√
17
4 ;
7
2 ;x
)
is Gauss hyper-
geometric function, the coefficient, A ' 0.11, is obtained
by matching the solutions at y = 1. To get Eq.(8),
the initial conditions at y = yRf , Φ(yRf ) = Φϕ and
dΦ(y)
dy |y=yRf =
dΦϕ
dy |y=yRf = 0 is used. For non-thermal
DM (yRf  ξ ≤ 1 and κ  (2pi2)−1), we adopt two
approximations, −ξ+ yRf = −ξ and 1− κ2 = 1, for sim-
plicity, so yRf and κ are absent in Eq.(8). In order to
cross-check Eq.(8), a numerical simulation is performed
in Supplementary Material.
According to Eq.(8), Φ(y) is described by the sin-
gle parameter ξ. In FIG.3, by using Eq.(8), the ex-
amples for ξ = (1, 10−2, 10−4, 10−6) are plotted from
10−7 ≤ y ≤ 103. It shows that Φ is amplified signifi-
cantly during post-reheating DM production (By using
Eq.(3), the amplification of Θ can be also determined.),
and the amplification is frozen at the end of DM pro-
duction (y = 1). Moreover, a smaller ξ, implying more
DM particles produced after reheating [49], corresponds
to a larger amplification of Φ(y). It reflects that the post-
reheating DM production leads to the resonance between
Θ and Φ, and the amplification of Φ is a result of such
resonance. As a contrast, for existing WIMP paradigm
(the dashed line), Φ(y) is unchanged after reheating since
no post-reheating DM production is considered in that
paradigm.
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FIG. 3. The evolution of Φ driven by the post-reheating DM
production.
Another feature can drawn from Eq.(8) and FIG.3 is
that the amplification of Φ is the same at all scales. It
implies that the scale-dependence of Φ will not be mod-
ified by the resonance. If the primordial power spec-
trum of Φ at the end of reheating is scale invariant, such
scale-invariance will be preserved. Moreover, by substi-
tuting Eq.(8) into Eq.(3) for y  1, the super-horizon
modes of DM density perturbation can be also obtained,
δρχ/ρχ = 2ΦϕG
(−ξ−1) [1 + A] = 2Φ(y). Such charac-
teristic relation, δρχ/ρχ = 2Φ(y), on large scale is con-
sistent to the correlation between CMB anisotropy and
large scale structure surveys [3].
The Suppression of r. – The post-reheating pair pro-
ductions of DM particles imprinting fluctuations in the
trace of metric, and the tensor modes are unaffected. The
amplification of Φ thus leads to a suppression of r,
r ≡ PhPΦ =
Ph
PΦϕ
×
(
Φϕ
Φ(y)
)2
= 9×
(
Φϕ
Φ(y)
)2
, (9)
where  ≡ d(H−1)/dt is the slow-roll parameter, the pri-
mordial spectra at the end of reheating, PΦϕ = 8piG9k3 H
2

and Ph = 8piGk3 H2, are employed following the simplest
realization of inflation [20]. At y = 1, the suppression of
r is frozen,
r = 7.27× [G (−ξ−1)]−2 , (10)
where we have used Eq.(8).
In FIG.4, the suppression of r is plotted by using
Eq.(8), Eq.(9) and Eq.(10), where  ' (1− ns)/4 ' 0.01
and ns ' 0.96 are taken [1, 2]. Compared with existing
WIMP paradigm [20], this new result of r is smaller by
a factor (Φϕ/Φ(y))
2
, and predicts a smaller amplitude of
PGW.
An Explicit Relation between mχ and r – According to
Eq.(10), ξ and r are related. In order to obtain an explicit
relation between mχ and r, we need to apply a specific
reheating model to get the relation between mχ and ξ.
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FIG. 4. The suppression of r after reheating.
For illustration, we adopt a toy model of reheating [36–
38]. We assume that, during reheating (tRi ≤ t ≤ tRf ),
the temperature of background increases linearly in time,
T (t) = TRf
(
t−tRi
tRf−tRi
)
, and its duration takes tRf−tRi '
α−2T−1Rf , where α is a dimensionless parameter [40]. By
integrating Eq.(5) with these assumptions, we obtain
ξ =
Hm
mχT 3Rf
∫ tRf
tmχ
[T (t)]
4
dt =
pi
5α2Mp
mχ , (11)
where Hm =
pim2χ
Mp
√
g∗
90 , Mp is the reduced Planck mass,
g∗ ' 90 is the relativistic degree of freedom at that epoch,
and tmχ is the moment of T = mχ in reheating. The
integral in tRi ≤ t ≤ tmχ is neglected, and TRf  mχ is
used.
By substituting Eq.(11) into Eq.(10), we obtain an ex-
plicit relation between mχ and r,
r = 7.27× [G (−5α2Mppi−1m−1χ )]−2 , (12)
which implies that mχ can be constrained by searching
PGW.
In FIG.5, this relation is illustrated with α =
(10−2, 10−4, 10−6, 10−8). It shows that the predicted am-
plitude of PGW should be generically smaller than the
conventional expectation, 9 (the dashed line) [41, 42].
More specifically, the more pair productions of DM par-
ticles produced after reheating (larger α and/or smaller
mχ), the stronger the suppression is, and the smaller the
amplitude of PGW is.
Furthermore, as shown in FIG.5, this new prediction is
yet beyond current detectability of experiment (shaded
region in FIG.5) [2]. As r will be further constrained in
the coming round of PGW detections [43], this predic-
tion will be examined in a sizable parameter region, and
serves as a promising strategy of determining mχ and
other other particle properties of DM.
Conclusion. – This work proposes a new strategy to
determine mχ. By investigating the suppression of r
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FIG. 5. The relation between mχ and r illustrated with α =
(10−2, 10−4, 10−6, 10−8).
caused by the post-reheating DM production, the new re-
lation between mχ and r is obtained. If r is determined
in the future search of PGW, mχ then is constrained
by applying this relation. We conclude by highlighting
several implications and prospects. 1) Energy scale of in-
flation. The work shows that, due to the post-reheating
DM production, the amplitude of PGW should be gener-
ically much smaller than the conventional expectation.
It implies that, for a sizable parameter space of DM par-
ticle and reheating, the energy scale of inflation should
be also much lower than its conventional expectation [44],
which is worthy of further study. 2) Reheating model. We
adopt a toy model of reheating in this work. However,
a more realistic reheating model should be employed in
further studies in order to trace this new effect accurately
in future astrophysical observations [45]. 3) Sub-horizon
modes of DM density perturbation. At the moment of DM
freezing out (y = 1), although long wavelength modes of
DM density perturbation are still on super-horizon, some
short wavelength modes have re-entered into horizon ear-
lier. The evolution of the latter on sub-horizon, which is
completely different from what we obtained for super-
horizon modes in this work, may have profound impli-
cation on small-scale structure formation – as discussed
in a companion work [46]. 4) Application to new WIMP
paradigm. This work adopts the non-thermal DM sce-
nario. As demonstrated in another companion work [35],
the methodology of this work can be straightforwardly
applied to a new WIMP paradigm in which the process
of DM production is considered. Thus mχ in new WIMP
paradigm can be constrained with a same strategy.
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such effect is too small to be detected [27].
[49] To see this, we can rewrite ξ as ξ = Yχ(yRf )/Yf in the
region of yRf  ξ  1 by using Eq.(4) and Eq.(7).
Supplementary Materials.— In this section, we solve
the equation of motion of Φ numerically to cross-check its
analytical solution. By substituting Eq.(3) into Eq.(2),
we can obtain a second order differential equation gov-
erning the evolution of Φ. Then by solving this equation
numerically after reheating, saying 10−7 ≤ y ≤ 103, we
obtain the result illustrated in FIG.6, which is identical
to FIG.3 plotted by using the analytical solution, Eq.(8).
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FIG. 6. Numerical result of Φ with yRf = 10
−7.
In FIG.7, to make the comparison between analyti-
cal solution and numerical result more obvious, we plot
them in (ξ, r)−plane with  = 0.01. Obviously, they
are matched perfectly. Thus we can safely conclude that
the analytical solution, Eq.(8), is, mathematically, cor-
rect. Note that, since κ  (2pi2)−1, the approximation,
1 − κ2 = 1, has been also used in the numerical simula-
tion.
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FIG. 7. The numerical result and analytical solution in (ξ, r)
plane with yRf = 10
−7 and  = 0.01.
